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A valuation domain is a commutative domain R with 1 in which the 
ideals form a chain under inclusion. The field Q of quotients of R has a 
Krull valuation u into a totally ordered abelian group lY 
Osofsky [S] has shown that if K, (n 2 - 1) is the smallest cardinal 
number such that every ideal of the valuation domain R can be generated 
by Et, elements, then the global dimension of R (denoted g1.d. R) is 
precisely n + 2 or co according as IZ is finite or infinite. No satisfactory 
results are known for the pure global dimension of R (denoted p.gl.d. R); 
only lower and upper estimates have been established: 
gl.d. R- 16p.gl.d. R<m+l, 
where m is defined by IRI = N,; see Kielpinski and Simson [4], Jensen and 
Gruson [3], and Salles [6]. 
Our purpose is to show that p.gl.d. R is either equal to g1.d. R or is one 
less. We prove this under the Generalized Continuum Hypothesis (GCH) 
by giving an upper estimate for the cardinality of the value group r with 
the aid of q,-sets. 
1. PRELIMINARIES 
Recall that a pure-exact sequence of left R-modules (R any ring) can be 
defined as the direct limit of splitting exact sequences. The category of left 
R-modules has enough pure-projectives: these are precisely the summands 
of direct sums of finitely presented left R-modules. It is clear what is meant 
by the pure-projective dimension (p.p.d. M) of an R-module M and by the 
pure global dimension of R. 
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The pure global dimension of rings has been investigated by several 
authors; we refer to Kielpinski and Simson [4], Jensen and Gruson [3], 
Salles [6, 71, and the references in these papers. 
The following results will be needed; they are valid over any ring R: 
(A) For a flat R-module M, p.p.d. M=p.d. M (see [4, 61). 
(B) For an K,-presented R-module M, p.p.d. M d n + 1 (see [4, 31). 
(C) If M is the union of a well-ordered continuous ascending chain 
of pure submodules M, such that p.p.d. M, + ,lM, <n for each CI, then 
p.p.d. M < n. (This is the analog of Auslander’s well-known lemma; see, 
e.g., C41.1 
For valuation domains R, purity takes a simpler form: a submodule N 
of M is pure if and only if rN = N n rM for every r E R. An R-module P is 
pure-projective exactly if it is a direct sum of R-modules of the form R/Rr 
(r E R), see e.g., [ 11. (Though the calculation of p.gl.d. R can be reduced at 
once to finding p.p.d. M for torsion modules M, we have not been able to 
obtain satisfactory results for the torsion case.) 
By an q,-set is meant a totally ordered set S, such that for any subsets 
H, K of cardinalities < K,, H < K (i.e., h <k for all h E H, k E K) implies 
the existence of an x E S, with H < x < K. (In this definition, H = @ or 
K= @ is admitted.) Hausdorff [2] proved that every totally ordered set of 
cardinaiity K, can order-isomorphically be embedded in an VU-set, and two 
v],-sets of cardinality N, are order-isomorphic. Sierpinski [S] showed that 
for every ordinal tl 3 0, there exists an qz + , -set of cardinality 2’* (and this 
is the smallest cardinality for an qz+ ,-set). An ye?+ ,-set contains no 
well-ordered subsets of power > N, + , . 
2. LEMMAS 
We start our discussion with a few lemmas. The first is on ordered sets. 
LEMMA 1. Let r be a totally ordered set which fails to contain subsets of 
order type o, + 1 or its dual w,*+ 1. Then r embeds order-isomorphically in 
any ql+ ,-set for CI > 0. 
Proof. Let S, + , be an yl, + ,-set and f: d + S, + , an order-isomorphism 
of a subset A of r into S, + , . If <ET\A, then let 6, (a <wg, B<cz) be a 
well-ordered monotone increasing sequence in A cofinal in the set 
(6~4)6<5} and E, (a<~,, y < ~1) a well-ordered monotone decreasing 
sequence in A cofinal downwards in {E E A /E > <}. By the definition of 
qr + i-sets, some s E S, + 1 satisfiesf(da) <s <f(a,) for all g. Lettingf(5) = s, 
we extend our original map f from A to A u { <}, the extension being 
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likewise an order-isomorphism. A trivial application of Zorn’s lemma 
completes the proof. 1 
We can now estimate the cardinality of the value group r in terms of 
g1.d. R. 
LEMMA 2. Suppose R is a valuation domain of global dimension n + 2 
(n > 0). Then its value group r satisfies N, < Il-1 ~2’~. 
Proof By Osofsky [S], hypothesis is equivalent to saying that all the 
ideals J of R are at most &-generated, but not N,- ,-generated. Therefore, 
N, 6 Irl is clear. An interval [-t, (1 of r cannot contain subsets of order 
type on+1 or wn*+,, so that the preceding lemma implies that the car- 
dinality of a bounded interval in r is < 2’.. The field Q of quotients of R 
is at most N, + r- generated as an R-module; thus r is the set union of at 
most K,, , bounded intervals. Since each of these has cardinality d 2’,, we 
obtain the estimate Irl < N,, , .2nn = 2”“. u 
It is worth noting that the last estimate cannot be improved. In fact, let 
S be an n,-set of cardinality 2’” and r the totally ordered abelian group 
which is the lexicographic direct sum of copies of the rationals over the 
index set S. Then r contains well-ordered subsets of type o,, but none of 
type o,, r ; thus the valuation domain with this value group r will have 
global dimension n + 2. 
Our final lemma asserts the presence of certain pure submodules in 
R-modules. 
LEMMA 3. If the value group r of a valuation domain R has cardinality 
u, then in any R-module M every subset of cardinality 6 K is contained in 
a u-presented pure submodule of M. 
Proof: Let A be a subset in A4 with IAl <K, and N, = (A) the sub- 
module generated by A. For each r E r + (positivity domain of Z) choose 
an ry E R of value 4. The submodule N, n rrA4 is K-generated (note that R 
is rc-Noetherian, i.e., all ideals of R are k--generated), say { gf I iE Z} with 
111 < K is a set of generators. For each g: pick an a: E A4 with r5af = gF and 
set N, = (N,, af (i E Z, 4 E r + )). Clearly, N, is K-generated. Repeat this 
with N, playing the role of N,, and continue this process o times to obtain 
a sequence N,-, < N1 < . . < N, < of K-generated submodules of M. The 
union N = I,, N,” is K-generated and pure in M. To complete the proof, 
observe that a K-generated module over a rc-Noetherian ring is necessarily 
K-presented. 1 
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3. THE MAIN RESULT 
Assuming GCH, a satisfactory result can be given for p.gl.d. R. 
THEOREM (GCH). For a valuation domain R, we have 
p.gl.d. R = g1.d. R or =gl.d. R- 1. 
Proof If g1.d. R = cc, then for every integer n, there are ideals J of R 
with p.d. Jan. As the ideals J are flat, (A) implies p.p.d. J=p.d. J, and so 
we have p.gl.d. R = a3. 
Let g1.d. R = n + 2, n an integer > - 1. In case n = - 1, R is Noetherian, 
so it is a discrete rank 1 valuation domain. It is well known (and readily 
checked) that in this case p.gl.d. R = 1. Assume n 3 0, and apply Lemma 2 
to conclude that 1 J-1 6 2’” = K, + i (under GCH). Let M be any R-module. 
By Lemma 3, every subset A of M with 1 Al < K,, I is contained in an 
K fl+1 -presented pure submodule N, of M. Hence it is easy to construct by 
induction a well-ordered continuous ascending chain of pure submodules, 
O=N,<N,<N,< ... <N,< .‘. <N,=M 
such that for each CT, N,, ]/N, is K, + ,-presented. (B) implies 
p.p.d. N,+,/N,<n+2, and from (C) we conclude p.p.d. M<n+2. As M 
was arbitrary, p.gl.d. R d n + 2. On the other hand, since the ideals J of R 
are flat, (A) gives the lower estimate n + I = sup p.d. 56 p.gl.d. R. 1 
Let us point out that both alternatives indicated in the theorem do occur 
(this was already noted by Salles [6]). In fact, if g1.d. R = n + 2 and Q is 
K n+l -generated, then p.p.d. Q = p.d. Q = n + 2, and therefore p.gl.d. R = 
g1.d. R. If g1.d. R = n + 2 and IfI = K,, then from the proof of theorem we 
can conclude that p.gl.d. R < n + 1, so p.gl.d. R = g1.d. R - 1. 
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